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Annotation
A six-dimensional complex formalism for analysis of Lamb waves
propagating with subsonic speed in anisotropic plates is formulated.
Conditions for non-existence of certain Lamb waves in anisotropic plates are
obtained. An example of transversely isotropic plate having “forbidden”
speed at which no subsonic Lamb wave propagates, is presented.

1. Introduction

Beginning from Lamb’s pioneering work [1] in which the governing
equations for harmonic waves propagating in isotropic plates with traction-free
boundaries were first derived, in most of the subsequent theoretical works on
Lamb waves in plates it was assumed that such a wave consists of several partial
waves of the form

U, (X) = my eiryk XV eir(n~x—ct) (1.1)

where u, is the displacement field of the k -th partial wave; m, is vectorial, in
general, complex amplitude determined by the Christoffel equation (this
equation will be introduced in Sec. 2); v, is a root of the Christoffel equation; r

is the wave number; v is the unit normal to the middle plane of a plate; n is the
unit vector determining direction of propagation of Lamb wave; c is the phase
speed; and t is time. For existence of the resulting Lamb wave all partial waves
should have the same wave number and phase speed. Bearing in mind that the
Christoffel equation has six roots, representation for Lamb wave takes the form

6 : ,
u(x) = (zck my oMk x~vJ elr(n~x—ct) (1.2)

k=1

where C, are arbitrary complex coefficients determined up to a multiplier by
boundary conditions.

QUARTERLY OF APPLIED MATHEMATICS, VOLUME LX (2002), NUMBER 3, PAGES 000-000



Authors proof reading
QUARTERLY OF APPLIED MATHEMATICS, VOLUME LX (2002), NUMBER 3, PAGES 000-000
Sergey V. Kuznetsov, Subsonic Lamb waves...

REMARK 1.1. a) Representation (1.1) for partial waves composing Lamb wave is also
used for analysis of Rayleigh waves propagating on the traction-free plane boundary of an
elastic half space, see [2-8]; and for Stoneley interfacial waves propagating on the plane
boundary between contacting dissimilar elastic half spaces, see [9-12].

b) For Rayleigh waves roots y| in representation (1.1) should be complex with
Im(y, ) <0, this ensures attenuation of Rayleigh wave in the “lower” half-space
(v-X)<0. If Re(yy)=0 for all partial waves composing Rayleigh wave, then such a
wave is called genuine Rayleigh wave; if Re(y,)#0 for some K, then it is sometimes
called generalized Rayleigh wave [8]. For Lamb waves cases Re(y,)=0 and

Re(yy ) # 0 usually are not distinguished.

The following analysis indicates that for Lamb waves propagating with
subsonic phase speed in anisotropic plates (Subsonic phase speed does not
exceed the minimal speed of all bulk waves propagating in the same direction)
representation (1.2) needs in correction: in some cases dependent on anisotropy
Lamb wave may consist in fewer components, than it is assumed in traditional
approaches [13 - 16]. This phenomenon results in a statement asserting
possibility to exist “forbidden” subsonic speed, at which no Lamb wave can
propagate. An example of the transversely isotropic plate having “forbidden”
speed is constructed.

2. Basic notations

In the absence of body forces the equation of motion for anisotropic
medium can be written in the form

A(By,0)U = divy,C -V, u—pli=0 2.1)

where p is the material density; C is the fourth order elasticity tensor assumed
to be positive definite:

vB (B--C-B)= z Bjj Cijmann >0 (2.2)
Besym(R*®R?), B=0 i,j,m,n

Substituting partial wave (1.1) in Eq. (2.1) produces the Christoffel equation:
(rev+m)-C-(n+1v)-pc?t )} m, =0 2.3)
where | is the unit diagonal matrix. Equation (2.3) admits an equivalent form

det((ykv+n)-C-(n+ykv)—pczl):0 (2.4)
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Left-hand side of Eq. (2.4) can be regarded as a polynomial of degree six with
respect to the parameter vy .

REMARK 2.1. a) Since polynomial coefficients in the left-hand side of Eq. (2.4) are
real, corresponding roots Y| are either real or complex-conjugate.

b) It can be shown (see, for example, [5]) that Eq. (2.4) has no real roots if the phase
speed is less than the so called (lowest) limiting speed C;Im. In its turn, C%lm does not

exceed the lowest speed of all bulk waves propagating in the same. Hereinafter, the
following condition will be imposed on the phase speed

0<c<cim (2.5)

Condition (2.5) ensures absence of the real roots of Eq. (2.4).

3. Six-dimensional formalism

Since it is not known in advance, whether representation (1.1) for partial
wave is the only possible one, a more general representation for a harmonic
wave with the plane wave front and non-homogeneous amplitude will be
considered:

V(Xn)eir(n-x—ct) (3.1)

where v(x") is a non-constant complex-valued vector-function; X" =irv-x,
thus, x” 1s dimensionless (imaginary) coordinate in the direction determined by
vector v. Exponential multiplier in (3.1) corresponds to movement of the plane
wave front in the direction of propagation with the phase speed c. At this stage,
no a priory restrictions on smoothness are imposed on function v(x").

Substituting representation (3.1) in Eq. (2.1) yields the following
differential equation of the second order

(v-C-v)dZ +(v-Cn+n-Cov)a, +(n-C-n—pc?H(x) =0  (3.2)

Direct analysis of Eq. (3.2) is difficult. Situation can be simplified by
introducing additional vector-function

W(X") = 0,.V(X") (3.3)
Bearing in mind (3.3) and the positive definite condition for the tensor C, Eq.

(3.2) can be reduced to a matrix differential equation of the first order with
respect to six-dimensional vector-function (v, w)
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R6: (34)
-M —-N

In (3.4) real matrices M and N are as follows

M=(v-C-v) ' -(n-C-n-pc?l),
(3.5)
N=(v-C-v) ' (v-C-n+n-C-v)

Taking into account the structure of matrix Rg, it is convenient to represent

corresponding six-dimensional eigenvectors of Rg in the form mg=(m;m’),

where m, m’ e C? (here C* denotes k -dimensional complex vector space).

A surjective homomorphism J: C® — C3, such that

3(mg) =m (3.6)

will be needed for the subsequent analysis.

REMARK 3.1. a) Due to (3.4), (3.5), determinant of the matrix Rg can be
represented in the form

detRg :det((v-C-v)_l(n-C-n—pczl)) 3.7)

Right-hand side of (3.7) shows that matrix R is not degenerate at any phase speed

with the exception when pC2 =M (n-C-n), k=1,2,3 (here A, denotes an
eigenvalue of the corresponding matrix); i.e. degeneracy occurs when the phase speed
coincides with the speed of one of the bulk waves propagating in the same direction. It is
clear that for Lamb wave with the phase speed satisfying (2.5), matrix Rg is not
degenerate.

b) Since matrix Ry is not symmetric, its left and right eigenvectors generally are
different. In the subsequent analysis term “ecigenvector” will be referred to right
eigenvector of matrix Rg.

c) Matrix Rg resembles one, which is used for constructing the “fundamental

elasticity tensor”. Such a tensor and the corresponding matrix were introduced in [17]
and were used later on for analysis of Rayleigh and Stoneley waves propagating in
anisotropic halfspaces, see [4 - 8, 11, 12].

4
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PROPOSITION 3.1. a) A set of all roots of the Christoffel equation (2.4)
coincides with a set of all eigenvalues of matrix Rg;

b) Spectral space of the Christoffel equation (2.3) coincides with
surjection (3.6) of the spectral space of matrix Rg.

Proof. Let y, be a root of the characteristic polynomial (2.4) and My be the
corresponding eigenvector of Eq. (2.3). Substituting functions V(X") =m, e"*" and

W(x") =y, M, e"*" in Eq. (3.4) yields

o) 7R L)
Yk =Rg- :
Yk My ¢ Yk Mg

Thus, every root of Eq. (2.4) is an eigenvalue of matrix R, and the corresponding

eigenvector of Eq. (2.3) coincides with the vector 3(Mg).

Further, let vy, be an eigenvalue, and (m,;mj}), m,,mj €C> be the

corresponding eigenvector of matrix Rg

M| _ g [ ™Mk 3.9
Ykm,k—6 m (3.9)

Relation (3.9) along with (3.4), (3.5) yield
(ykz(v-C-v)+yk (v-c-n+n-c-v)+(n-c-n—pc2|))-mk =0  (3.10)

But (3.10) coincides with (2.3).

Remark 2.1 ensures

COROLLARY. Under condition (2.5) all eigenvalues of matrix R, are
complex and form spectrum of R, by the complex-conjugate pairs.

PROPOSITION 3.2. Under condition (2.5) matrix R is not normal
matrix, except may be one value of the phase speed c.

Proof. Definition of the normal (real) matrix gives
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R -Rg = R4 Ry (3.11)
In view of (3.4) relation (3.11) implyies

MU-M =1 (3.12)
Taking into account (3.5), relation (3.12) requires

n-C-n-v-C-v=pc?l (3.13)

This completes the proof, since the left-hand side of (3.13) is independent of C.

COROLLARY. Under condition (2.5) eigenvectors of matrix R; do not

form an orthogonal basis in C®, except may be one value of the phase speed
¢ at which relation (3.13) holds.

4. Representations for Lamb waves
Structure of the general solution of system (3.4) is determined by the
Jordan normal form of matrix Ry [18, Chap. IV, §5]. Due to Proposition 3.1

and corresponding Corollary, for the phase speed which satisfies (2.5) only
three types of the Jordan normal forms of matrix Ry can occur

11 [Yl 1)
12 0 7
3,0 = Y3 o3 (Yz 1J ,
Ta 0 v,
s 73
Y6 Y4
v 1 0
0 v, 1
1 0 0 vy
I = ! ho1 0 4.1)
0 vy, 1
0 0 v

In expressions (4.1) eigenvalues y, are renumbered in such a way that they

satisfy the following condition

Yok-1 = V2k »

k=12,..
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Moreover, since matrix R is real, a condition analogous to (4.2) is satisfied by
eigenvectors of Ry :

(Mo Mhy_1) = (Myy; Mhy) (4.3)

Transition from the system of the first order (3.4) to the initial system
(3.2) allows to represent the general solution (the fundamental matrix) in the
form

6
viD(x") = > cmy e?
k=1

2 4
v (x") = > ((Czk—l +Cop X" )My +C2km1k)eYKX + Cpmye’®”

i =3 (4.4)

2
VI (") = 3 (Caa + Caemr X"+ 2 Cy ") mye* +
k=1

2
> ((C3k—1 +Cy X"y My +Cyymi ) evkX
k=1

where Cy are unknown complex coefficients, and m}(, mﬁ eC?® are the
generalized eigenvectors associated with the eigenvector my .

5. Disperse equations
Traction-free boundary conditions are formulated on the plate surfaces

t, = +v.C--V, U =0 (5.1)

X-v==xh X-v==xh

In (5.1) 2h 1s the plate thickness.
Substituting the displacement field (4.4) in the boundary conditions
(5.1) and transition to the dimensionless coordinate X" =ir(v-x) gives

6
D Cy ty e =0 (5.2)
k=1 X'=+E
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where &=irh, and t; is (up to the exponential multiplier) the surface traction
corresponding the coefficient Cy .

Solution of the boundary-value problem (5.2) can be treated as a non-
trivial solution of the linear system (5.2) with respect to unknown coefficients
Cy, k=1,...,6. The latter is equivalent to vanishing all the determinants of the

sixth-order associated with the 6 x 6 -matrix:

H(EeMs L te(5)etre"
0 =det =0 (5.3)

t(-Ee s L te(-Ee Ve

Equations (5.3) are the disperse equations we are looking for. In the
case of arbitrary elastic anisotropy solvability of Egs. (5.3) has not been studied,
however, the following propositions take place

PROPOSITION 5.1. Condition

_v®m-C-m, ®n
v®ﬁk--C--mk ®v

Yk = (5.4)

1s necessary for Lamb wave to be composed by a single partial wave (1.1).

Proof. If at some K corresponding partial wave satisfies boundary conditions, then
Egs. (5.2) yield

(y¢v-C-v+v-C-n)-m, =0 (5.5)
Multiplication of both sides of Eq. (5.5) by Ek gives
Y VOMK--C--m ®v+v@my--C--m ®n=0 (5.6)

Then, in view of the positive definiteness of the elasticity tensor, it remains to note that
Eq. (5.6) is equivalent to (5.4).

PROPOSITION 5.2. Condition (5.4) is necessary for Lamb wave to be
composed by two partial waves (1.1) corresponding to the complex-
conjugate eigenvalues.

QUARTERLY OF APPLIED MATHEMATICS, VOLUME LX (2002), NUMBER 3, PAGES 000-000



Authors proof reading
QUARTERLY OF APPLIED MATHEMATICS, VOLUME LX (2002), NUMBER 3, PAGES 000-000
Sergey V. Kuznetsov, Subsonic Lamb waves...

Proof. Assume that (5.4) does not hold, but a nontrivial solution of Egs. (5.2) exists
at some eigenvalues v, and vy . In this case Egs. (5.3) reduce to two equations. The
first one can be represented in the form

t, xt =0, (5.7)

where t =[y,v-C-v+v-C-n]-my. Equation (5.7) means colinearity of vectors

1% andﬂ:

ty =ae, Tt =0ae (5.8)

where o is a complex constant (o # 0, since (5.4) does not hold by the assumption);

and ecR>. By accounting (5.8), the second equation flowing out from (5.3) takes the
form

aetTkE  getks

det =0 (5.9)

oe Tk € ae Tk €

Direct verification shows that for Im(y, ) # 0 and o # 0 the left-hand side of (5.9)

cannot vanish.

REMARK 5.1. a) Condition (5.4) is not sufficient for Lamb wave to be composed by
a single partial wave, or two partial waves corresponding to the complex-conjugate

eigenvalues. This is because of possibility for vectors Mk  and
ty = [Yk v-C-v+v-C-n]- my # 0 to be mutually orthogonal.

b) Proposition 5.1 remains valid for Rayleigh waves. In this case conditions (5.1),
(5.2) are formulated on the free surface at X" = 0. In an indirect proof, based on Stroh’s
formalism (see [4, 5]), it was shown that subsonic Rayleigh wave cannot be composed
by a single partial wave. For supersonic Rayleigh wave propagating on a half-space with
elastic symmetry a condition analogous to (5.4) was derived in [19].

6. Lamb waves in transversely isotropic plates

Let unit vectors e,, k =1,2,3 form an orthogonal basis in R*, and vector
e, coincides with the normal vector v to the median surface of a plate, while
vectors e, and e; lie on the basal plane of a transversely isotropic medium.
Corresponding elasticity tensor has following components
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Ci Cp ¢ 0 0 0
Chy C3 O 0 O
c 0O 0 O
2 6.1
Cy 0 O (6.1)
Css

where c,, = %5(C,, —C,;). Condition of positive definiteness for the regarded
elasticity tensor yields

2
2 2¢C
C1>0; Cp>0; Cs5>0; Cpp>[Csh €€ >Cp"s ¢ >——2—  (6.2)
Cyp +Co3
Substituting the elasticity tensor (6.1) in (3.5) gives
Css —pC> C,, — pc? Cyy —Cp3 — pC2
M=|=5"P" y@v+27P° nenp-22-"2 WQRWw
Ci1 Css 2Cs5

(6.3)

N =£—Cl2 TESs yon+ 2t ls n®vj
Ci1 Css

where w=nxv.

With the account of (6.3) the following proposition flows out directly from
the analysis of the spectral properties of matrix Rg:

PROPOSITION 6.1. a) Relation between the elastic constants, density, and
phase speed

5 |C12 + C55|

2 2
pc” = 5 \/011055(011055 +C95Cs5 +2C5Cs5 = C11Cop +Cp2”7) —
(C1 —Css)

(6.4)
) 24 2 2 2 ) 2
Ci2Cs5 + 2C11C1pCs5 — Cy Cpp +Cp1CxpCs5 + Cy1Cjp + Cjp Cs5 + 2C4Cs5

2
(Cy; —Css)

is necessary and sufficient for rise of the Jordan normal form J(D;

b) Different roots vy, of the Christoffel equation (2.4) corresponding to
(6.4) are

10
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) ANV
_ _i(cnczz —(Cy1 +Cs55)PC™ — 2C;5Cs5 — Cpp J

Y2 ==Y1»
2Cy1Css
(6.5)
Cpy =y 2062 )
il L22 =Co3 = 2P
= — , = —
73 L 2645 ] Y4 =773
where y; and y, correspond to the Jordan blocks;
c¢) Corresponding amplitudes have the form
1/4 H\/4
Cyy — . C —
m, = pv| “22—P vipn[1-P~| | m,= mi,
Cr1 Css
H\/4 H\/4
. c Crr —pC —1
ml=ipv|1-P=— | +pn|227P> | | mb= mi, (6.6)
Css Ci1
m3 = m4 =W

where p is the normalization factor:

N NS
- (_sz—PCJ +[_£J (67)
Cy Css

REMARK 6.1. a) Natural requirement for the right-hand side of (6.4) to be real and
positive leads to the following restrictions:
. 2 .
Ci1 #Css; C12” +Cy1Css5 +CpnCs5 +2C1Cs5 —C11Cpn 2 0;
(6.8)
2 2
Clz + 4C12C55 +4C55 - C11C22 > O,
In (6.4) - (6.8) and hereinafter the case C;; =Cs5 is not considered. Of course,

conditions (6.8) should be completed with (6.2) and (2.5). Direct verification shows that

all together conditions (6.8), (6.2) and (2.5) define non-empty region QC RS, of
admissible values of elastic parameters.

Finally, the main result of this section can be proved:

11
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THEOREM 6.1. No Lamb wave propagates in the transversely isotropic
plate, if the phase speed satisfies condition (6.4).

Proof. Substituting eigenvalues (6.5) and corresponding amplitudes (6.6) in (5.3)
gives two independent conditions

(a v+ n)e't (51v+51n)e+&1§ (ay(®)v-+by(En)eE (;(E,,)v+%n)e+§lé
0 (6.9)

(ayv+bn)e ™S (51v+51n)e_;1€é (@ (&) v+by(-En)e " (a2 (&) v+by(-€) n) g1
and

(dw)e*“ € (HW) e+§3 €
det -0 (6.10)

(dw)e 735 (aw) e 73t

where a;, by, @y, by, d are scalar (nonzero) complex coefficients determined by (6.5),

(6.6) and (5.3). Finally, direct computation of the determinants in the left-hand sides of
(6.9) and (6.10) reveals that both these determinants do not vanish at nonzero &, this

completes the proof.

REMARK 6.2. a) A more detailed analysis shows that “forbidden” speed for a
transversely isotropic plate does not depend upon the wave frequency and thickness of a
plate. As it follows from (6.4) such a speed is determined only by physical properties of
a material.

b) It can be highly important for practical applications (for example, design of the
delay lines and filters in electronics) that some transversely isotropic materials which
only slightly differ from isotropic ones can have “forbidden” speed for Lamb waves. For
instance, taking in (6.2), (6.8)

. 1.
Ci1=Cp =1L Cs5=7; C3 =0 (6.11)
we arrive to the following restriction imposed on Cy, :

%>c12 >0 (6.12)

Let ¢, = % and p =1 (the material with elastic constants (6.11) and C;, =0 is
isotropic). Computation of “forbidden” speed by (6.4) yields

¢ = 122233 £ 06824 (6.13)

12
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It remains to check whether condition (2.5) is satisfied. But, for waves propagating in
the isotropic plane of arbitrary transversely isotropic material

cim _ ¢ 6.14
3 3

where C3 denotes the minimal speed of all bulk waves propagating in the isotropic

plane. For the regarded case computation of C3 gives

[ess _ 2
Cy; = % =7z0.7071 (6.15)
Comparison of the right-hand sides of (6.13) and (6.15) shows that condition (2.5) is
satisfied.

c) For the transversely anisotropic material considered in the preceding remark,
matrix Ry can be regarded as one parametric with respect to the phase speed C.

Analysis of the spectral properties of the matrix R in a small vicinity V of the phase
speed (6.13) with the account of notations (4.1) - (4.3) reveals that at ¢ — 0.6824

Yi =73 Yo =>4
6.16)
(m,,m}) — (m;,m}), (m,,m})—(m,,m}).

It should also be noted that everywhere in V matrix R has the Jordan normal form

J6(I), except the limiting value C€=0.6824 where the Jordan normal form J,"

arises.
At the same time, boundary conditions (5.2) with the account of (6.16) lead to the

following relations (at ¢ — 0.6824 ) between coefficients C, :
C, —»-C,, Cc,—»>-C,, C,=C,=0 (6.17)

Combining (6.16), (6.17) with representation (1.2) (which is valid everywhere in V,
except the limiting value) yields:

u(x)—0 (6.18)

uniformly with respect to X at ¢ — 0.6824 . In turn, expression (6.18) ensures that both
strain and kinetic specific energy functions along with the energy fluxes tend to zero at

c—0.6824.
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